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Background



Three properties

w °ã � �ÐÉÉ��ê��ϗ Ðß°�Éê��Â�ϗ °ßß��ï�°�Â� ͰЁÈ�É°§ÐÂ�Ϝ

(LO) πͮ(w) °ã Â�§êЁÐß��ß��Â�Ϝ
∃ � ãêß°�ê êÐê�Â Ðß��ß < ÐÉ πͮ(w) ã�ê°ã§ā°É¨ � < �⇔ � · � < � · �
§Ðß �Éā �,�, � ∈ πͮ(w)Ϝ

(CTF) w ��È°êã � �ÐЁÐß°�Éê��Â� ê�ïê §ÐÂ°�ê°ÐÉϜ

ϕ � ϯ�ÐЁϰÐß°�Éê��Â� §ÐÂ°�ê°ÐÉ F °ã � ���ÐÈÜÐã°ê°ÐÉ Ð§ w °ÉêÐ �
�°ã¼Ð°Éê ïÉ°ÐÉ Ð§ Ðß°�Éê��Â� ãïß§���ãϜ

ϕ F °ã tautϗ °§ §Ðß �Éā Ü ∈ wϗ ∃ � êß�Éãú�ßã� ÂÐÐÜ Ü�ãã°É¨ ÜϜ

(NLS) w °ã ÉÐê �É :ЁãÜ���Ϝ
w °ã �É :ЁãÜ���ϗ °§ |(ͮ(w)| < ∞ �É� (̂"(w) °ã ЏÈ°É°È�ÂАϜ
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The L-space conjecture

Conjecture (Boyer-Gordon-Watson, Juhász)

w °ã � �ÐÉÉ��ê��ϗ �ÐÈÜ��êϗ Ðß°�Éê��Â�ϗ °ßß��ï�°�Â� ͰЁÈ�É°§ÐÂ�Ϝ

:G ⇐⇒ �`" ⇐⇒ A:Z

Known:

ϕ �`" =⇒ A:Z ϯGĆãú�ê­ЁZĆ��Ñϡ 8�Ć�ĆЁVÐ��ßêãϗ 
Ðû��Éϰ

ϕ +§ �ͮ(w) > ͭϗ ê­�É w °ã
�`" ϯ#���°ϰϡ
:G ϯ
Ðā�ßЁVÐÂ§ã�ÉЁq°�ãêϰϡ
A:Z �ā ��đÉ°ê°ÐÉϜ

Example: +§ ∂w '= ∅ �É� w '= 
Ͱϗ ê­�É �ͮ(w) > ͭϜ
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Slope detection



Rough ideas

w °ã � êÐßÐ°��Â QЁ­ÐÈÐÂÐ¨ā ãÜ­�ß� ϯ�ͮ(w) = ͭϰϜ

Question:

eÉ��ß û­�ê �ÐïÉ��ßā �ÐÉ�°ê°ÐÉã °ã w °ã :Gϗ �`" Ðß A:Zϝ
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Slopes

@ °ã � knot manifold ϯ�ÐÈÜ��êϗ �ÐÉÉ��ê��ϗ Ðß°�Éê��Â�ϗ °ßß��ï�°�Â�ϗ
∂@ ∼= `ͯ �É� @ '= �ͯ × ZͮϜϰ

� rational slope ÐÉ ∂@ °ã �É °ãÐêÐÜ°� �Â�ãã Ð§ ã°ÈÜÂ� �ÂÐã�� �ïßú�ã
ÐÉ ∂@ ∼= `ͯϜ

`­� longitudinal slope λ °ã ïÉ°Þï�Ϝ

ϕ [λ] ­�ã Ðß��ß ¿ > ͭ °É (ͮ(@)ϡ
ϕ ¿ �ÐÜ°�ã Ð§ λ �ÐïÉ�ã �É Ðß°�Éê��Â� ãïß§��� " °É @Ϝ

�Éā ãÂÐÜ� µ û°ê­ |µ · λ| = ͮ °ã ��ÂÂ�� � meridional slopeϜ
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Slope detection

@ °ã � ¿ÉÐê È�É°§ÐÂ�Ϝ � rational slope α ÐÉ ∂@ °ã ∗-detected °§ ê­�
§ÐÂÂÐû°É¨ ­ÐÂ�ã

∗ = CTFϖ
∃ � �`" F ÐÉ @ êß�Éãú�ßã� êÐ ∂@ ãÐ ê­�ê F ∩ ∂@ °ã Reebless �É�
�ÐÉê�°Éã a closed leaf of slope αϜ

∗ = LOϖ
∃ � ß�Üß�ã�Éê�ê°ÐÉ ρ : πͮ(@) → >QK2Q+(R) ã�ê°ã§ā°É¨ ê­�ê
ρ|πͮ(∂@) ­�ã no fixed pointϗ �ïê ρ(α) has a fixed pointϜ

∗ = NLSϖ
α /∈ ê­� °Éê�ß°Ðß Ð§ the set of the L-space slopesϜ

V�È�ß¿ϖ @(α) °ã ∗ ⇒ α °ã ∗Ё��ê��ê��Ϝ
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Slope detection
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Basic gluing properties

Theorem

@ͮ �É� @ͯ �ß� ¿ÉÐê È�É°§ÐÂ�ã ϱ '= �ͯ × ZͮϲϞ w = @ͮ ∪§ @ͯ °ã °ßß��ï�°�Â�Ϟ
+§ §(αͮ) = αͯ û°ê­ �Ðê­ α° �ß� ∗Ѓ��ê��ê��ϙ ê­�É w ­�ã ÜßÐÜ�ßêā ∗Ϟ

ϕ ∗ = A:Zϡ
ϯ(�Éã�ÂÈ�ÉЁV�ãÈïãã�ÉЁq�êãÐÉϗ V�ãÈïãã�ÉЁV�ãÈïãã�Éϰ

ϕ ∗ = :Gϡ ϯ
Ðā�ß Ё �Â�āϰ
ϕ ∗ = �`"ϡ ϯ
Ðā�ß Ё #Ðß�ÐÉ Ё (Ϝ ϰ

Conjecture

`­� �ÐÉú�ßã� Ð§ ê­� ¨Âï°É¨ ê­�Ðß�È ­ÐÂ�ãϜ

Known °§ ∗ =A:Z ϯ(Vqϗ VVϰ
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Results



Detected slopes

Theorem (Boyer-Gordon-H.)

@ '= �ͯ × Zͮ °ã �É °ßß��ï�°�Â� ZЃ­ÐÈÐÂÐ¨ā �ͯ × ZͮϞ `­�É

ϕ �ÂÂ È�ß°�°ÐÉ�Â ãÂÐÜ�ã �ß� ∗Ѓ��ê��ê�� °§ ∗ ∈ {:G,A:Z}Ϟ
ϕ �ÂÂ È�ß°�°ÐÉ�Â ãÂÐÜ�ã �ß� �`"Ѓ��ê��ê�� °§ @ °ã đ��ß��Ϟ

Proof.

q­�É ∗ = NLSϗ û� ïã� V�ãÈïãã�ÉЁV�ãÈïãã�ÉϜ

q­�É ∗ = LOϗ

û� Ð�ê�°É � eÉ°ú�ßã�Â �°ß�Â� ��ê°ÐÉ ρ : πͮ(@) → >QK2Q+(Zͮ)
§ßÐÈ � đÉ°ê� ��Üê­ §ÐÂ°�ê°ÐÉϗ ã�ê°ã§ā°É¨ ê­�ê ρ|∂@ ­�ã � fixed pointϜ

q­�É ∗ = CTFϗ ÐÉ� É���ã � Â�È°É�ß �ß�É�­�� ãïß§��� 
 °É@ ãï�­ ê­�ê
∂
 ��ßß°�ã �ÂÂ meridional slopesϜ
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Detected slopes
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Toroidal Z-homology sphere

Conjecture (Ozsváth-Szabó)

w °ã �É °ßß��ï�°�Â� ZЁ­ÐÈÐÂÐ¨ā ãÜ­�ß�Ϝ +§ w °ã �É :ЁãÜ���ϗ ê­�É w °ã
�°ê­�ß ZͰ Ðß ê­� SÐ°É��ß� ãÜ­�ß�Ϝ

Theorem (Eftekhary, Hanselman-Rasmussen-Watson)

w °ã �É °ßß��ï�°�Â� êÐßÐ°��Â ZЃ­ÐÈÐÂÐ¨ā ãÜ­�ß�Ϟ `­�É w °ã ÉÐê �É :Ѓ
ãÜ���Ϟ

Theorem (Boyer-Gordon-H.)

w = @ͮ ∪§ @ͯ °ã �É °ßß��ï�°�Â� êÐßÐ°��Â ZЃ­ÐÈÐÂÐ¨ā ãÜ­�ß�Ϟ `­�É

ϕ w °ã :GϞ
ϕ w °ã �`" °§ ÐÉ� Ð§ @° °ã đ��ß��Ϟ

V�È�ß¿ϖ Z°È°Â�ß ãê�ê�È�Éêã ��É �� È��� °§ |(ͮ(w)| ≤ ͱϜ
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Cyclic branched covers of toroidal knots

Conjecture (Gordon-Lidman)

`­� ÉЁ§ÐÂ� �ā�Â°� �ß�É�­�� �Ðú�ß Ð§ ZͰ Ðú�ß � Üß°È� ã�ê�ÂÂ°ê� ¿ÉÐê °ã
:Gϗ �`" �É� A:Z §Ðß É ≥ ͯϜ

Theorem (Boyer-Gordon-H.)

ZïÜÜÐã� ê­�ê S(8) °ã � Üß°È� ã�ê�ÂÂ°ê� ¿ÉÐê û°ê­ Ü�êê�ßÉ S �É� �ÐÈЃ
Ü�É°ÐÉ 8Ϟ `­�É ê­� ÉЃ§ÐÂ� �ā�Â°� �ß�É�­�� �Ðú�ß Ð§ ZͰ �ß�É�­�� �Ðú�ß
S(8) °ã

ϕ A:Z �É� :G §Ðß É ≥ ͯϣ
ϕ �`" °§ ê­� �ÐÈÜ�É°ÐÉ ¿ÉÐê 8 °ã đ��ß�� §Ðß É ≥ ͯϞ
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An application to knot theory

Figure 1: � ã�ê�ÂÂ°ê� ¿ÉÐê

Theorem (Menasco)

� Üß°È� ã�ê�ÂÂ°ê� Â°É¿ °ã ÉÐê �Âê�ßÉ�ê°É¨Ϟ

Theorem (Boyer-Gordon-H.)

� Üß°È� ã�ê�ÂÂ°ê� Â°É¿ °ã ÉÐê Þï�ã°Ѓ�Âê�ßÉ�ê°É¨Ϟ

ͮͱ



Thank you
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